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Let *X* be a real Banach space with its dual space $\documentclass[12pt]{minimal}
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                \begin{document}$2^{X}\neq\emptyset$\end{document}$ be the set of all subsets of *X*.
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                \begin{document}$$ G(x,y)+\xi(y,x)-\xi(x,x)\geq0,\quad \forall y \in K. $$\end{document}$$ We denote the solution set of GEP ([1.1](#Equ1){ref-type=""}) by Sol(GEP([1.1](#Equ1){ref-type=""})). Problem ([1.1](#Equ1){ref-type=""}) includes fixed point problems, optimization problems, variational inequality problems, Nash equilibrium problems, *etc*. as particular cases. In recent past, many iterative methods have been proposed to solve GEP ([1.1](#Equ1){ref-type=""}); see, for example, \[[@CR1]--[@CR4]\].
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                \begin{document}$$ G(x,y)\geq0 \quad\text{for all } y\in K. $$\end{document}$$ Problem ([1.2](#Equ2){ref-type=""}) was introduced and studied by Blum and Oettli \[[@CR5]\].

The variational inequality problem (VIP) is to find $\documentclass[12pt]{minimal}
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                \begin{document}$S:K\to X^{*}$\end{document}$ is a nonlinear mapping. We denote the solution set of VIP ([1.3](#Equ3){ref-type=""}) by Sol(VIP([1.3](#Equ3){ref-type=""})).
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\langle x-y, Sx-Sy \rangle\geq\gamma\|Sx-Sy\|^{2}$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x,y\in K$\end{document}$;(iii)Lipschitz continuous if there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L>0$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$\operatorname{Fix}(T)$\end{document}$ is the fixed point set.

In 2009, Takahashi and Zembayashi \[[@CR1]\] studied weak and strong convergence theorems for finding a common solution of EP ([1.2](#Equ2){ref-type=""}) and FPP ([1.4](#Equ4){ref-type=""}) of a relatively nonexpansive mapping in a real Banach space. Later on, Petrot *et al*. \[[@CR2]\] extended the work \[[@CR1]\] by using the hybrid projection method, which plays an important role for establishing strong convergence results.

Nadezhkina *et al*. \[[@CR6]\] proposed a convex combination of a nonexpansive mapping and the extragradient method and considered the iterative scheme by the hybrid method. They proved the strong convergence theorem in a Hilbert space.

Very recently, in 2015, Nakajo *et al*. \[[@CR7]\] proposed a composition and convex combination of a relatively nonexpansive mapping and the gradient method. Further, they proved the strong convergence to a common element of solutions of the variational inequality problem and fixed point problem by using the hybrid method.

Motivated and inspired by the recent work of Takahashi and Zembayashi \[[@CR1]\], Petrot *et al*. \[[@CR2]\], Nadezhkina *et al*. \[[@CR6]\], and Nakajo *et al*. \[[@CR7]\], we propose an iterative scheme to find the common solution of GEP ([1.1](#Equ1){ref-type=""}), VIP ([1.3](#Equ3){ref-type=""}), and FPP ([1.4](#Equ4){ref-type=""}) for a relatively nonexpansive mapping in a real Banach space. Further, by using the hybrid projection we prove the strong convergence of the sequences generated by the iterative algorithm, which improves and extends the corresponding results of \[[@CR3], [@CR4], [@CR8]--[@CR10]\].

Preliminaries {#Sec2}
=============

Now, we use the following results and definitions to prove our main result.

The normalized duality mapping is defined as $$\documentclass[12pt]{minimal}
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                \begin{document}$\rho_{X}:[0, \infty)\to[0, \infty) $\end{document}$ defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The modulus of convexity of *X* is the function $\documentclass[12pt]{minimal}
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Let *X* be a smooth, strictly convex, and reflexive Banach space.

Following Takahashi and Zembayashi \[[@CR1]\], a point $\documentclass[12pt]{minimal}
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Lemma 2.1 {#FPar1}
---------

(\[[@CR12], [@CR13]\])

*Let* *X* *be a smooth*, *strictly convex*, *and reflexive Banach space*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K\neq\emptyset$\end{document}$ *be a closed convex subset of* *X*. *Then*, *the following hold*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\phi(x,\Pi_{K}u)+\phi(\Pi_{K}u,u)\leq\phi(x,u)$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in K$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in X$\end{document}$.(ii)*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in X$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in K$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x=\Pi_{K}(u)\quad\Leftrightarrow\quad\langle x-y,Ju-Jx\rangle\geq0 \quad\textit{for all } y\in K. $$\end{document}$$

Remark 2.1 {#FPar2}
----------

(\[[@CR1]\])

(i)Using ([2.1](#Equ5){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document}$\Pi_{K}=P_{K}$\end{document}$, the metric projection of *H* onto *K*.(iii)If *X* is a smooth, strictly convex, and reflexive Banach space, then $\documentclass[12pt]{minimal}
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                \begin{document}$u=v$\end{document}$.

Lemma 2.2 {#FPar3}
---------

(\[[@CR11]\])

*Let* *X* *be a smooth Banach space*. *Then*, *the following are equivalent*: (i)*X* *is* 2-*uniformly convex*.(ii)*There exists a constant* $\documentclass[12pt]{minimal}
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Lemma 2.3 {#FPar4}
---------

(\[[@CR11]\])

*Let* *X* *be a* 2-*uniformly convex and smooth Banach space*. *Then* $\documentclass[12pt]{minimal}
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                \begin{document}$\phi(u,v)\geq c_{1}\|u-v\|^{2}$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$c_{1}$\end{document}$ *is the constant in Lemma* [2.2](#FPar3){ref-type="sec"}.

Lemma 2.4 {#FPar5}
---------

(\[[@CR11]\])

*Let* *X* *be a* 2-*uniformly convex Banach space*. *Then*, *for all* $\documentclass[12pt]{minimal}
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Lemma 2.5 {#FPar6}
---------

(\[[@CR10]\])

*Let* $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Fix}(T)$\end{document}$ *is closed and convex*.

Lemma 2.6 {#FPar7}
---------

(\[[@CR13]\])

*Let* *X* *be a smooth and uniformly convex Banach space*, *and let* $\documentclass[12pt]{minimal}
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                \begin{document}$\{v_{n}\}$\end{document}$ *be sequences in* *X* *such that either* $\documentclass[12pt]{minimal}
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                \begin{document}$\lim_{n\to\infty}\|u_{n}-v_{n}\|=0$\end{document}$.

Lemma 2.7 {#FPar8}
---------

(\[[@CR14]\])

*Let* *K* *be a nonempty closed convex subset of a Banach space* *X*, *and let* *S* *be a monotone and hemicontinuous operator of* *K* *into* $\documentclass[12pt]{minimal}
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                \begin{document}$$M(z) =\left \{ \textstyle\begin{array}{l@{\quad}l} S(z)+N_{K}(z) &\textit{if } z \in K , \\ \emptyset &\textit{if } z \notin K, \end{array}\displaystyle \right . $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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                \begin{document}$M^{-1}(0)=\textit{Sol}(\textit{VIP}(\text{1.3}))$\end{document}$.

Lemma 2.8 {#FPar9}
---------

(\[[@CR11], [@CR15]\])

*Let* *X* *be a uniformly convex Banach space*, *and let* $\documentclass[12pt]{minimal}
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                \begin{document}$$\big\| \alpha x+(1-\alpha)y\big\| ^{2}\leq\alpha\|x\|^{2}+(1-\alpha) \|y\| ^{2}-\alpha(1-\alpha)g\bigl(\|x-y\|\bigr) $$\end{document}$$ *for all* $\documentclass[12pt]{minimal}
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Lemma 2.9 {#FPar10}
---------

(\[[@CR13]\])

*Let* *X* *be a smooth and uniformly convex Banach space*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$r>0$\end{document}$. *Then there exists a strictly increasing*, *continuous*, *and convex function* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$g(0)=0$\end{document}$ *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$$g\bigl(\|x-y\|\bigr)\leq\phi(x,y) \quad\textit{for all } x,y\in B_{r}. $$\end{document}$$
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                \begin{document}$$F\bigl(u,u^{*}\bigr)=\|u\|^{2}-2\bigl\langle u,u^{*} \bigr\rangle +\big\| u^{*}\big\| ^{2} \quad\mbox{for } u\in X \text{ and } u^{*}\in X^{*} $$\end{document}$$ was studied by Alber \[[@CR12]\], that is, $\documentclass[12pt]{minimal}
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                \begin{document}$u^{*}\in X^{*}$\end{document}$.

Lemma 2.10 {#FPar11}
----------

(\[[@CR12]\])

*Let* *X* *be a reflexive strictly convex and smooth Banach space with its dual* $\documentclass[12pt]{minimal}
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                \begin{document}$$G\bigl(u,u^{*}\bigr)+2\bigl\langle J^{-1}u^{*}-u,v^{*} \bigr\rangle \leq G\bigl(u,u^{*}+v^{*}\bigr) \quad\textit{for all } u \in X \textit{ and } u^{*},v^{*}\in X^{*}. $$\end{document}$$

Assumption 2.1 {#FPar12}
--------------

Let *G* and *ξ* satisfy the following conditions: (i)$\documentclass[12pt]{minimal}
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                \begin{document}$y\rightarrow G(x,y)$\end{document}$ is convex and lower semicontinuous.(v)$\documentclass[12pt]{minimal}
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                \begin{document}$$\xi(x,x)-\xi(x,y)+\xi(y,y)-\xi(y,x)\geq0 \quad\mbox{for all } x,y \in K. $$\end{document}$$

Theorem 2.1 {#FPar13}
-----------

*Let* *K* *be a nonempty closed and convex subset of a smooth*, *strictly convex*, *and reflexive Banach space* *X*. *Let* $\documentclass[12pt]{minimal}
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                \begin{document}$$\Upsilon_{t}(u)=\biggl\{ z\in K:G(z,y)+\xi(y,z)-\xi(z,z)+ \frac{1}{t}\langle y-z, Jz-Ju\rangle\geq0, \forall y\in K\biggr\} . $$\end{document}$$ *Then*, *the following conclusions hold*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\langle\Upsilon_{t}u_{1}-\Upsilon_{t}u_{2},J \Upsilon_{t}u_{1}-J\Upsilon _{t}u_{2} \rangle\leq\langle\Upsilon_{t}u_{1}-\Upsilon _{t}u_{2},Ju_{1}-Ju_{2} \rangle; $$\end{document}$$(iii)$\documentclass[12pt]{minimal}
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Proof {#FPar14}
-----

\(i\) We claim that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$y=z_{1}$\end{document}$ in ([2.3](#Equ7){ref-type=""}) and then adding, we have $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$G(z_{1},z_{2})+G(z_{2},z_{1})+ \xi(z_{2},z_{1})-\xi(z_{1},z_{1})+\xi (z_{1},z_{2})-\xi(z_{2},z_{2})+ \frac{1}{t}\langle z_{2}-z_{1},Jz_{1}-Jz_{2} \rangle\geq0. $$\end{document}$$ Since *G* is monotone, *ξ* is skew symmetric, and since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$t>0$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle z_{2}-z_{1},Jz_{1}-Jz_{2} \rangle\geq0. $$\end{document}$$

Using the strict convexity of *X*, we get $\documentclass[12pt]{minimal}
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                \begin{document}$z_{1}=z_{2} $\end{document}$. Thus, $\documentclass[12pt]{minimal}
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                \begin{document}$\Upsilon_{t}$\end{document}$ is single-valued.

\(ii\) For any $\documentclass[12pt]{minimal}
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                \begin{document}$u_{1}, u_{2}\in X$\end{document}$, let $\documentclass[12pt]{minimal}
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                \begin{document}$x_{2}=\Upsilon_{t}u_{2}$\end{document}$. Then $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G(x_{1},y)+\xi(y,x_{1})-\xi(x_{1},x_{1})+ \frac{1}{t}\langle y-x_{1},Jx_{1}-Ju_{1} \rangle\geq0 \quad\mbox{for all } y\in K, $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ G(x_{2},y)+\xi(y,x_{2})-\xi(x_{2},x_{2})+ \frac{1}{t}\langle y-x_{2},Jx_{2}-Ju_{2} \rangle\geq0 \quad\mbox{for all } y\in K. $$\end{document}$$ By putting $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=x_{2}$\end{document}$ in ([2.4](#Equ8){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$y=x_{1}$\end{document}$ in ([2.5](#Equ9){ref-type=""}) and taking their sum, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered} G(x_{1},x_{2})+G(x_{2},x_{1})+ \xi(x_{2},x_{1})-\xi(x_{1},x_{1})+\xi (x_{1},x_{2})-\xi(x_{2},x_{2}) \\\quad{}+\frac{1}{t}\langle x_{2}-x_{1},Jx_{1}-Jx_{2}-Ju_{1}+Ju_{2} \rangle\geq0.\end{gathered} $$\end{document}$$ Using the monotonicity of *G* and properties of *ξ*, we have $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{t}\langle x_{2}-x_{1},Jx_{1}-Jx_{2}-Ju_{1}-Ju_{2} \rangle\geq0. $$\end{document}$$ Hence, we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle x_{2}-x_{1},Jx_{1}-Jx_{2} \rangle+\langle x_{2}-x_{1},Ju_{2}-Ju_{1} \rangle\geq0 $$\end{document}$$ or $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle x_{1}-x_{2},Jx_{1}-Jx_{2} \rangle\leq\langle x_{1}-x_{2},Ju_{1}-Ju_{2} \rangle, $$\end{document}$$ that is, $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \langle\Upsilon_{t}u_{1}-\Upsilon_{t}u_{2},J \Upsilon_{t}u_{1}-J\Upsilon _{t}u_{2} \rangle\leq\langle\Upsilon_{t}u_{1}-\Upsilon _{t}u_{2},Ju_{1}-Ju_{2} \rangle. $$\end{document}$$ Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Upsilon_{t}$\end{document}$ is a firmly nonexpansive mapping.

\(iii\) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\operatorname{Fix}(\Upsilon_{t})$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(x,y)+\xi(y,x)-\xi(x,x)+\frac{1}{t}\langle y-x,Jx-Jx \rangle\geq0 \quad\mbox{for all } y\in K, $$\end{document}$$ and so $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(x,y)+\xi(y,x)-\xi(x,x)\geq0 \quad\mbox{for all } y\in K . $$\end{document}$$ Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\text{Sol(GEP(1.1))}$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\text{Sol(GEP(1.1))}$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(x,y)+\xi(y,x)-\xi(x,x)\geq0 \quad\mbox{for all } y\in K, $$\end{document}$$ and so $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(x,y)+\xi(y,x)-\xi(x,x)+\frac{1}{t}\langle y-x,Jx-Jx \rangle\geq0\quad \text{for all } y\in K . $$\end{document}$$ Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\operatorname{Fix}(\Upsilon_{t})$\end{document}$. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname {Fix}(\Upsilon_{t})=\text{Sol(GEP(1.1))}$\end{document}$.

\(iv\) First, we show that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Upsilon_{t}$\end{document}$ is a relatively nonexpansive mapping.

Using the definition of *ξ*, for any $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$u_{1}, u_{2}\in X$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \phi(\Upsilon_{t}u_{1},\Upsilon_{t}u_{2})+ \phi(\Upsilon _{t}u_{1},\Upsilon_{t}u_{2})\\\quad=2 \|\Upsilon_{t}u_{1}\|^{2}-2\langle \Upsilon_{t}u_{1},J\Upsilon_{t}u_{2} \rangle -2\langle\Upsilon_{t}u_{2},J\Upsilon_{t}u_{1} \rangle+2\|\Upsilon _{t}u_{2}\|^{2} \\ \quad=2\langle\Upsilon_{t}u_{1},J\Upsilon_{t}u_{1}-J \Upsilon _{t}u_{2}\rangle +2\langle\Upsilon_{t}u_{2},J\Upsilon_{t}u_{2}-J \Upsilon _{t}u_{1}\rangle \\ \quad=2\langle\Upsilon_{t}u_{1}-\Upsilon_{t}u_{2},J \Upsilon _{t}u_{1}-J\Upsilon_{t}u_{2} \rangle\end{gathered} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \phi(\Upsilon_{t}u_{1},u_{2})+\phi( \Upsilon_{t}u_{2},u_{1})-\phi ( \Upsilon_{t}u_{1},u_{1})-\phi( \Upsilon_{t}u_{2},u_{2}) \\ \quad=\|\Upsilon_{t}u_{1}\|^{2}-2\langle \Upsilon_{t}u_{1},Ju_{2}\rangle+\| u_{2} \|^{2}+\|\Upsilon_{t}u_{2}\|^{2}+ \|u_{1}\|^{2} \\ \qquad{}-2\langle\Upsilon_{t}u_{2},Ju_{1} \rangle-\| \Upsilon_{t}u_{2}\| ^{2}+2\langle \Upsilon_{t}u_{2},Ju_{2} \rangle-\|u_{2} \|^{2} \\ \qquad{}-\|\Upsilon_{t}u_{1}\|^{2}+2\langle \Upsilon_{t}u_{1},Ju_{1} \rangle - \|u_{1}\|^{2} \\ \quad=2\langle\Upsilon_{t}u_{1},Ju_{1}-Ju_{2} \rangle-2\langle\Upsilon _{t}u_{2},Ju_{1}-Ju_{2} \rangle \\ \quad=2\langle\Upsilon_{t}u_{1}-\Upsilon_{t}u_{2},Ju_{1}-Ju_{2} \rangle.\end{gathered} $$\end{document}$$ Since $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Upsilon_{t}$\end{document}$ is firmly nonexpansive, from the above two equalities we have $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi(\Upsilon_{t}u_{1},\Upsilon_{t}u_{2})+ \phi(\Upsilon _{t}u_{2},\Upsilon_{t}u_{1}) \leq\phi(\Upsilon_{t}u_{1},u_{2})+\phi ( \Upsilon_{t}u_{2},u_{1})-\phi( \Upsilon_{t}u_{1},u_{1})-\phi(\Upsilon _{t}u_{2},u_{2}). $$\end{document}$$ Thus, $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi(\Upsilon_{t}u_{1},\Upsilon_{t}u_{2})+ \phi(\Upsilon _{t}u_{2},\Upsilon_{t}u_{1}) \leq\phi(\Upsilon_{t}u_{1},u_{2})+\phi ( \Upsilon_{t}u_{2},u_{1}). $$\end{document}$$ Taking $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{2}=u\in\operatorname{Fix}(\Upsilon_{t}) $\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document}$$\phi(u,\Upsilon_{t}u_{1})\leq\phi(u,u_{1}). $$\end{document}$$ Further, we prove that $\documentclass[12pt]{minimal}
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                \begin{document}$\widehat{\operatorname{Fix}}(\Upsilon _{t})=\text{Sol(GEP(1.1))}$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$x\in\widehat{\operatorname{Fix}}(\Upsilon_{t})$\end{document}$. Then there exists a sequence $\documentclass[12pt]{minimal}
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                \begin{document}$u_{n}\rightharpoonup x$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{n\to\infty}\|u_{n}-\Upsilon_{t}u_{n}\|=0$\end{document}$. Thus, $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\Upsilon_{t}u_{n}\rightharpoonup x$\end{document}$. Hence, we get $\documentclass[12pt]{minimal}
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                \begin{document}$x\in K$\end{document}$.

Since *J* is uniformly continuous on bounded sets, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{n\to\infty}\frac{\|Ju_{n}-J\Upsilon_{t}u_{n}\|}{t} = 0,\quad t>0. $$\end{document}$$ From the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$\Upsilon_{t}$\end{document}$, for any $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$y\in K$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(\Upsilon_{t}u_{n},y)+\xi(y,\Upsilon_{t}u_{n})- \xi(\Upsilon _{t}u_{n},\Upsilon_{t}u_{n})+ \frac{1}{t}\langle y-\Upsilon _{t}u_{n},J \Upsilon_{t}u_{n}-Ju_{n} \rangle\geq0. $$\end{document}$$ Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{p}= (1-p)x+py$\end{document}$ for $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$p\in(0,1]$\end{document}$. Since $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y\in K$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in K$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{p}\in K$\end{document}$, and thus $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(\Upsilon_{t}u_{n},y_{p})+\xi(y_{p}, \Upsilon_{t}u_{n})-\xi(\Upsilon _{t}u_{n}, \Upsilon_{t}u_{n})+\frac{1}{t}\langle y_{p}- \Upsilon _{t}u_{n},J\Upsilon_{t}u_{n}-Ju_{n} \rangle\geq0. $$\end{document}$$ Since *ξ* is weakly continuous and *G* is weakly lower semicontinuous in the second argument, letting $\documentclass[12pt]{minimal}
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                \begin{document}${n\to\infty}$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} G(x,y_{p})+\xi(y_{p},x)-\xi(x,x) \geq 0, \\ \xi(y_{p},x)-\xi(x,x)\geq G(y_{p},x).\end{gathered} $$\end{document}$$ For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0&=G(y_{p}, y_{p}) \\ &\leq p G(y_{p}, y)+(1-p)G(y_{p}, x) \\ &\leq p G(y_{p}, y)+(1-p)\bigl[\xi(y_{p},x)-\xi(x,x)\bigr] \\ &\leq p G(y_{p}, y)+(1-p)p\bigl[\xi(y,x)-\xi(x,x)\bigr] \\ &\leq p \bigl[G(y_{p}, y)+(1-p) \bigl(\xi(y,x)-\xi(x,x)\bigr)\bigr].\end{aligned} $$\end{document}$$ Dividing by $\documentclass[12pt]{minimal}
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                \begin{document}$p>0$\end{document}$ and letting $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$p\to0_{+}$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(x,y)+\xi(y,x)-\xi(x,x)\geq0. $$\end{document}$$ This implies that $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$x\in\text{Sol(GEP(1.1))}$\end{document}$, and hence $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Fix}(\Upsilon_{t})= \text{Sol(GEP(1.1))}= \widehat {\operatorname{Fix}}(\Upsilon_{t})$\end{document}$. Thus, $\documentclass[12pt]{minimal}
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                \begin{document}$\Upsilon_{t}$\end{document}$ be a relatively nonexpansive mapping. By Lemma [2.5](#FPar6){ref-type="sec"}, $\documentclass[12pt]{minimal}
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                \begin{document}$\text{Sol(GEP(1.1))}=\operatorname{Fix } (\Upsilon_{t})$\end{document}$ is closed and convex. □

Next, we have the following lemma whose proof is on the similar lines of the proof of Lemma 2.9 \[[@CR1]\] and hence omitted.

Lemma 2.11 {#FPar15}
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Main result {#Sec3}
===========

Now, we prove the following convergence theorem.

Theorem 3.1 {#FPar16}
-----------
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Proof {#FPar17}
-----
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Finally, we have the following consequences of Theorem [3.1](#FPar16){ref-type="sec"}.
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Conclusion {#Sec4}
==========

In this paper, we propose an iterative algorithm to find the common solution of the generalized equilibrium problem, variational inequality problem, and fixed point problem for a relatively nonexpansive mapping in a real Banach space. Further, using the hybrid projection method, we proved the strong convergence of the sequences generated by the iterative algorithm. Finally, we derived some consequences from our main result. The result presented in this paper is an improvement and extension of the corresponding results of \[[@CR3], [@CR4], [@CR8]--[@CR10]\].
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